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Abstract

We show that in almost all decisions under uncertainty Bayesian optimization necessarily yields a decision which is optimal
with respect to a full-support belief. (©) 1997 Elsevier Science B.V. All rights reserved.
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1. Choice under uncertainty

A topic of vivid discussion in economic theory has
always been the definition of rational behavior under
uncertainty. The standard model here is that of the
Bayesian decision maker who chooses a best reply to
some subjective belief over the set of states of the
world. What can be questioned, though, is whether
rational individuals should hold priors that give pos-
itive probability to every state. Decision makers with
priors of this kind seem to exhibit a more cautious be-
havior in the sense that they do not simply ignore the
existence of certain contingencies. In this paper, we
determine a generic class of decision situations with
the property that for every decision situation in this
class, it is true that every choice of a Bayesian deci-
sion maker can be interpreted as a choice of a cautious
individual. More precisely, it is shown that, for every
decision situation in this class, a mixed strategy is a
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best reply only if it is a best reply to some completely
mixed prior.

Assume that there are n possible states of the world,
denoted by w;,...,w, and collected in a set Q2. As
usual, by a prior p=(py, ..., p,) We mean a probabil-
ity distribution on 2, where p; denotes the probability
assigned to state w; for every j. For every finite set
A, let A(A) denote the set of probability distributions
on 4. In accordance with this notation, the set of priors
is A(Q). A prior is said to be completely mixed if it
gives positive probability to every state of the world.
Let S denote the (finite) set of feasible choices for
the decision maker. The decision maker receives util-
ity u(s, ) if s is his choice and w turns out to be the
true state of the world. Every decision situation can be
specified by a payoff matrix. The rows of this matrix
are indexed by the elements of S and its columns by
the elements of Q. Its entries are the numbers u(s, ).
We assume that the payoff matrix satisfies a certain
genericity condition, which we call (G). This condi-
tion is defined and discussed in the next section. At
this point it suffices to remark that (G) holds within an
open and dense subset of the set of all payoff matrices.
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In particular, the set of payoff matrices that does not
fulfill (G) is of measure zero. We will allow mixed
strategies, i.e. elements of A(S). Note that the utility
function u(-,-) is well-defined also on A(S) x A4(Q),
i.e. for every combination of mixed strategy and prior.
We say that a mixed strategy o € A(S) is a best re-
ply to a prior p € A(Q) if u(o, p)=u(s’, p) for all
a’ € A(S).

Theorem 1. For any decision situation which satis-
fies condition (G), the following is true: Every mixed
strategy, which is a best response to some prior, is
also a best reply to some completely mixed prior.

The theorem says that every Bayesian rational
choice in a generic decision situation can be inter-
preted as the choice of a cautious decision maker.
It is possible to reformulate the result. For that, we
recall some definitions. A mixed strategy g € A(S) is
called weakly dominated if there exists a ¢’ € A(S)
such that u(d’, p)=u(s, p) for all pe A(Q) and
u(a’, p)>u(o, p) for at least one p € A(Q). A strictly
dominated strategy is a mixed strategy ¢ € 4(S) such
that there exists a ¢’ € A(S) with u(¢’, p)>u(o, p)
for all p € A(Q2). Theorem 1 now reads as follows.

Corollary 1. There is no difference between weakly
and strictly dominated mixed strategies for any
player whose decision situation satisfies condi-
tion (G).

Note that the analogous statement for pure strate-
gies, where mixed strategy dominance is replaced by
pure strategy dominance, is trivial.

Proof of Corollary 1. By a standard hyperplane argu-
ment it can be shown that a mixed strategy is a best
reply if and only if it is not strictly dominated. Simi-
larly, a mixed strategy is a best reply to a completely
mixed belief if and only if it is not weakly dominated.
A proof of this result can be found e.g. in Appendix B
of Pearce [2]. O

2. The genericity assumption
At a first glance, one could suspect that all excep-

tional cases may be due to payoff ties, as in Fig. 1
below.

wi w9
81 1 1
82 1 0

Fig. 1. Payoff ties.

w1 w2 w3
$1 2 2 2
S2
s3 1 3 4

Fig. 2. 51 is weakly but not strictly dominated.

In this decision situation, the choice s, is a best
reply, but not to a completely mixed prior. How-
ever, excluding payoff ties does not suffice to insure
that every rational choice is actually cautiously ratio-
nal in the above defined sense. To see this, consider
Fig. 2.

Here, the decision maker is never indifferent be-
tween two choices if he knows the state of the world.
Nevertheless, there is a best reply that is not a best
reply to any completely mixed prior. Specifically, the
choice s is a best reply to the prior that puts proba-
bility % on ; and m,, respectively, and probability 0
to ws. However, s; is never a best reply if the prior
is completely mixed. For s, yields a higher expected
payoff as long as the prior assigns a probability greater
% to w; and s3 performs better otherwise. Another way
to describe the feature of this example is it to say that
in spite of the fact that the decision maker is never in-
different between two outcomes, s; is weakly but not
strictly dominated. The example is simple in the sense
that there are obvious ways how to perturb the game
in order to get rid of the weak dominance relation
upon strategy s;. What is not immediately apparent in
general games, however, is whether the perturbation
of the payoffs which removes a weak dominance re-
lation upon one strategy does not lead to weak dom-
inance upon another strategy. And even if this new
weak dominance relation is eliminated by a second
perturbation, this may induce yet another strategy to
become weakly dominated. And so on. So in spite of
the fact that a single non-genericity may quickly be
removed it is not completely obvious if the same can
be achieved for all strategies at one time. As could
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be seen above, it does not suffice to exclude ties among
the payoffs. The genericity condition which will be
imposed in the proof has the following geometric in-
terpretation. To every choice of the decision maker
there is a corresponding payoff vector in R”, where n
denotes the number of states of the world. The con-
vex hull of the payoff vectors that correspond to fea-
sible choices is a polyeder in R”. A sufficient generic-
ity condition is that, for all &, any k-dimensional facet
of this polyeder is in general position to every single
(n — k)-dimensional hyperplane that can be generated
by vectors of the standard basis of the R” alone (by
definition, two subspaces U, V' of the R” are in general
position if they span the whole space, i.e. if any vector
may be represented as the sum of an element in U and
of an element in 7). This means that the facet when
translated to the origin and extended to a subspace,
intersects the hyperplane only in the origin. The con-
dition becomes necessary and sufficient if we restrict
the condition to facets in the “weak Pareto frontier”
of the polyeder.

We will use the notion of a coordinate vector
which is understood to be an element of the stan-
dard basis of the R”. E.g., if n=3, the coordinate
vectors are (1,0,0),(0,1,0), and (0,0,1). Recall
that » denotes the number of states of the world.
Fix some k € {1,...,n—1} and consider the following
condition.

(Gr) Whenever we choose k£ + 1 arbitrary (pair-
wise different) row vectors uy,...,u; from the
payoff matrix and n — k arbitrary (pairwise dif-
ferent) coordinate vectors eq,...,e,_; of the R”,
then

det(eq,...,ep_g, Uy — Ug, Uy — Ug, ..., U — Uy) F#O0.
(1)

Note that e; is an arbitrary coordinate vector, and
not necessarily the jth coordinate vector. Similarly,
u; does not necessarily correspond to the ith choice
(we use this notation in order to avoid lowercase in-
dices). We will say that assumption (G) is satisfied if
forall k € {1,...,n— 1}, condition (G} ) holds. Before
the general interpretation of the condition is given, we
take a closer look at the case k =1.

Lemma 1 (Payoff ties). A payoff matrix satisfies
(Gy) if and only if the decision maker is never

indifferent between two choices in any state of the
world.

Proof. By definition, (G;) is the requirement that
for any two choices and corresponding payoff vec-
tors uy and u;, and for any n — 1 coordinate vectors
er,...,e,—1, the determinant det(ey,...,e,—_1,u; — up)
does not vanish. But this simply means that u;
and uy do not have the same entry at the posi-
tion that is not covered by the coordinate vectors
€ly...,€p_1. ]

So (G)) requires that there must not be a column
vector of the payoff matrix with two equal entries.
It is therefore obvious that (Gp) has to be satisfied
in order to derive the statement of Theorem 1. In
the proof, we will impose not only (Gy), but also
(G2),(G3),...,(G,—_1), where n is the number of states
of the world. So if there are, say, three states of the
world, there will be need to assume (G, ) in addition
to (G1). Condition (G3) is not satisfied in the payoff
matrix in Fig. 2. To see this, choose

2 3
2 2 5 uy = .
2
(2)
1 0
Uy = 3 . ey = 0
4 1

As det(ey, u; — ug, up — up) =0, the example in Fig. 2
does not satisfy (G, ). This shows that we cannot do
without (G,) in the case of three states of the world.
We give one more example. Fig. 3 shows a decision
situation that satisfies (G ) and (G5 ), but does not sat-
isfy (G3). This can be seen as follows. By Lemma 2,
(G1) becomes obvious. Checking (G, ) is the straight-
forward calculation of 24 determinants. To see that

wi wo w3 Wy
$1 1 0 -3 7
S92 0 1 5 -8
$3 -1 -4 7 4
S4 -2 -1

Fig. 3. A game that satisfies (G}), (G>), but not (G3).
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(G3) does not hold, take

1 0
o — 0 - 1
=30 50
7 -8
-1 -2
| -4 | -
u2_ 7 bl u3_ 3 >
4 1
1
el = 0
0
0

Then det(ey,u; — ug, uy — ug,uz — up) =0.

Consider choice s4. It is a best reply to the prior
that puts zero probability on ;, probability 1—61 on
@,, probability % on w3, and probability % on oy.
Yet, it is weakly dominated by 1/3s; + 1/3s2 + 1/3s3,
hence not a best reply to a completely mixed prior
by Lemma 1. As may have been noted, all examples
given in this paper have an equal number of states and
choices, respectively. The results clearly hold also in
absense of this restriction.
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Appendix

We prove that condition (G) implies the statement
of Theorem 1. To get an intuition for the proof, recall
that every choice of the decision maker may be con-
sidered as a point in the payoff space R". The jth com-
ponent of this point is the payoff in the case that the
true state of nature is w;. In this geometric picture, the
set of payoff vectors associated to all possible mixed
strategies is a convex polytope in R”. Now take an
arbitrary subset of the set of pure strategies that corre-
sponds to a k-dimensional facet of this polytope. Then

assumption (G) implies that the facet is in general po-
sition to all (n — k)-dimensional hyperplanes that can
be generated by coordinate vectors only. This will rule
out the possibility that a mixed strategy represented by
a point in the facet is a best reply but not a best reply
to a completely mixed prior. To prove the theorem,
define the mapping v : 4(S) — R” that maps a mixed
strategy ¢ to the vector u(o, -) in the payoff space. The
expected utility u(o, p) of a strategy ¢ with respect to
a prior p € A(£2) may then be calculated as the scalar
product of v(¢) and p, i.e. u(a, p) =v(c) - p. The set
of mixed best replies to a prior p will be denoted by

BR(p)={0|u(0) - p=maxl}. (3)

After these preparations, let ¢ € BR( p) be a best reply
to some subjective prior p over the set of states of
the world. The pointwise image of the simplex BR( p)
under the linear mapping v is a convex polytope in the
payoff space R” and will be denoted by v(BR( p)). It
is a facet of the polytope

v(A(S)) =conv{v(s)|s €S}, 4)

which itself is the convex hull of the set {v(s) |s €S}
of row vectors of the payoff matrix. Hence, there exist
strategies sy, . . ., sy € S and corresponding row vectors
u; = v(s;) of the payoff matrix such that v(BR(p))=
conv(uy,...,u;). We assume k to be minimal with
respect to this property. We will now define a subspace
Y which is coplanar to (and of the same dimension
as) the facet under consideration. For this, translate
the polytope v(BR( p)) to the origin by subtracting the
vector u. Let

Y = (o(BR(p)) — uo) ()

be the linear subspace of the payoff space that is gen-
erated by the translated polytope. Obviously,

Y= (uy —up,...,ux — tp). (6)

The minimality requirement on & implies that the di-
mension of the vector space Y is precisely k. The or-
thogonal space of Y, i.e. the set

Yt={xecR"|x-y=0forall yc Y}, 7

will be of fundamental importance for the proof. El-
ements of Y should be seen as candidate “beliefs”,
with respect to which ¢ could be interpreted as a best
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response. They will be called stabilizing vectors. All
strategies sy, ...,s; are best replies to p, hence they
are payoff equivalent with respect to p. So

v(sj) - p=v(so) - p, (®)

hence u; - p=ug - p for all j=1,... k. Therefore,
p€YH\{0}. In particular, 0 <k <n— 1, i.e. the facet
v(BR(p)) cannot have full dimension in R”. Now
choose a vector w € Y-\ {0} with the following prop-
erties.

1. w;=0 for all i with p,=0 and

2. among all w satisfying condition 1, w has a max-

imal number of zero components.

Notice that, since p € Y\{0}, it is always possible
to find such a w. The vector w has the following inter-
pretation. There exists a minimal subspace generated
only by vectors of the standard basis that includes the
prior p. In this subspace, we look for a stabilizing
vector w which lies in a subspace of the same kind,
again with minimal dimension. This subspace can be
defined as follows. Let

H={xeR"|x;=0if w;=0, for all i}. 9)

H is a with respect to dimension smallest subspace
of the payoff space with the property that it is gener-
ated by vectors of the standard basis and that it con-
tains a non-trivial vector that is orthogonal to the facet
v(BR(p)). First we show that the genericity assump-
tion (G) implies dim(H)>k. Recall that k£ is both
the dimension of the facet v(BR(p)) and the dimen-
sion of Y. Assume to the contrary that dim(H)<k.
Since dim(H ) is equal to the number of nonzero en-
tries of w, we can assume without loss of generality
that

we (ef,...,e). (10)

Then w is orthogonal to {e;1,...,e,). But wis orthog-
onal to Y as well, and therefore ¥ and (et 1,...,e,)
cannot generate the whole of the R”. Consequently,
since ¥ = (u; — ug,...,ux — tp), the determinant

det(u1—uo,...,uk—ug,ek+1,...,e,,):O (11)

must vanish. This, however, contradicts the gener-
icity condition. Hence the first assertion is proved.
Next we show that dim(H NY1)<1. Assume that
dim(H N Y+)>1. Take any nonzero component w;

of w. Then the equation x; =0 has a nonzero solu-
tion w’ in the at least two-dimensional linear space
H N Y. However, the vector w’ possesses more zero
entries than w in contradiction to the maximality con-
dition 2 above. This proves the second statement. We
can start to construct the completely mixed prior we
are looking for. For this, consider the orthoprojection
n: R" — H* whose kernel is precisely . The lin-
ear space H is at least of dimension k£ + 1, as we
saw above. Consequently, the space H~ is at most of
dimension n — k — 1. On the other hand, by the above
statement about the dimension of H N Y+,

dim(n(Y 1)) =dim(Y H)—dim(Y* NH)=n—k—1,
(12)
implying that 7(Y+)=H~. In particular, there exist
az € Y such that n(z) has only positive entries. The
vector z may have negative entries at those positions
where w has non-zero entries. However, if w; # 0 then
pi>0 by choice of w. Therefore, for a sufficiently
small ¢>0, the expression ¢z + p has only positive
entries, too, and normalized such that its entries sum
up to one it will be denoted by p,. Thus
e+ p

= ” 13
D e+ | (13)

where | p|=|pi1| + -+ + | pa|. Since Y+ is a linear
space, necessarily p, € Y+ N 4(Q). Finally it will be
shown that if ¢ is chosen sufficiently small then & is a
best reply to the completely mixed belief p,. For this,
it suffices to prove that the set

O={peY-NAQ)|BR(p)=BR(p)} (14)

is relatively open in Y N A(2). The best reply corre-
spondence has a closed graph (see [1], p. 30). Hence,
for any pure strategy s, the set { p € A(Q) | s € BR(p)}
is closed. Consequently,

Vi={peA(Q)|s¢BR(p)} (15)
is an open set for any s. It follows that the set
O={peAQ)|BR(p) SBR(p)}, (16)

being the intersection of the finitely many sets ¥
with s ¢ BR( p), is open in 4(£2), too. It remains to be
shown that ON Y+ = 0. The inclusion ONYL DO
follows immediately from the definitions. For the re-
verse inclusion let pc ON Y. We must show that
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BR(p) 2BR(p). Let 0 € BR(p). Then, choose some
o’ €BR(p). Since pe O, we know that actually
¢’ €BR(p).But,as pc Y+ and v(c) —v(a’) €Y, we
get v(a)- p=wv(a’)- p. Therefore, u(a, p) =u(a’, p),
and consequently ¢ is a best reply to p, too. This
shows BR(p)=BR(p). Thus, ONYL+=0. This
completes the proof of Theorem 1. [J

References

[1] D. Fudenberg, J. Tirole, Game Theory, MIT Press, Cambridge,
MA, 1991.

[2] D.G. Pearce, Rationalizable strategic behavior and the problem
of perfection, Econometrica 52 (1984) 1029-1050.



